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LINEARIZED STABILITY OF EXTREME SHOCK PROFILES
IN SYSTEMS OF CONSERVATION LAWS WITH VISCOSITY'
BY
ROBERT L. PEGO?2

ABSTRACT. For a genuinely nonlinear hyperbolic system of conservation laws with
added artificial viscosity, u, + f(u), = eu,,, we prove that traveling wave profiles
for small amplitude extreme shocks (the slowest and fastest) are linearly stable to
perturbations in initial data chosen from certain spaces with weighted norm; i.e., we
show that the spectrum of the linearized equation lies strictly in the left-half plane,
except for a simple eigenvalue at the origin (due to phase translations of the profile).
The weight e is used in components transverse to the profile, where, for an extreme
shock, the linearized equation is dominated by unidirectional convection.

1. Introduction. In this paper we demonstrate the stability, in a linearized sense, of
viscous shock profiles for small amplitude extreme shock waves of a hyperbolic
system of conservation laws,

(1.1) u,+f(u),=0, u€eR™

The shock profiles are traveling wave solutions of an associated parabolic system
obtained by adding “artificial viscosity”,

(12) u, + f(u), = pu,,.
For p > 0 fixed, we exhibit a class of perturbations, determined by a weighted norm,
with respect to which the profiles satisfy a linearized stability criterion put forth by
Sattinger (1976).

We assume that the system (1.1) is strictly hyperbolic, so that the matrix df(u) has
m distinct real eigenvalues

A(u) < - <A, (u),

with corresponding right and left eigenvectors r(u), /,(u) for k =1 to m, with
l; - r,= ;. A k-shock for the system (1.1) is a two-valued weak solution

1

‘ _ up, x<st,
(13) u(x,t)~{uR’ x > st,
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432 R.L. PEGO

where u, and u, must satisfy the Rankine-Hugoniot jump conditions
fQuy) = f(ug) —s(uy —ug) =0
and the strict entropy inequalities
A(up) > 5> A (ug), Aesilug) >s> M (uy).

Here A, (u) is assumed to be genuinely nonlinear, that is VA, - r,(u) # 0. We
normalize r, so that VA, - r,(u) = 1. With u, fixed, a one parameter family of
k-shocks exists, with u, = #*(e) and s = A, (uy) + e for e > 0 small, satisfying

7*(0) = ug, %(0) = r(ug).

An elegant proof of this fact may be found in Conlon (1980). Also see Lax (1957).

A viscous shock profile for a given k-shock (1.3) is a smooth traveling wave
solution ¢((x — st)/p) of the system (1.2) such that ¢(£§) — u, as€ — —o0, $(§) — uy
as £ > +o0. The profile ¢(£) is a solution of a system of ODE’s,

P =f(¢) _f(“R) —s(¢ — ug),

joining the two rest point uy and u; . In the present situation, Foy (1964) proved that
shock profiles ¢(§; €) exist for small amplitude k-shocks (with s = A, (ug) + le).
His proof gives an asymptotic description of the profile as ¢ — 0, showing that to
second order in &, the profile matches a properly scaled hyperbolic tangent profile
for the scalar Burgers’ equation, u, + uu, = u,,, along the eigenvector r,(ug).

We are concerned with the asymptotic stability of the solution ¢((x — st)/u; €) to
perturbations in the initial data for a fixed u > 0. Introduce the traveling coordinate
¢ = (x — st)/p and scale ¢t by ¢’ = t/p. Then (1.2) becomes

(1.4) u, = uge — (df(u) — s)u,.

The profile ¢(§; ¢€) is a stationary solution of this equation. But so is ¢(§ + v; ¢) for
any phase shift y. The best sort of stability one can expect in this situation is
so-called orbital asymptotic stability, which means that initial data of the form
u(£,0) = ¢(&) + uy(£) yield decay of the form

u(é,t) —¢p(£+v) -0, ast—

for some phase shift v, if » is small.

The approach we follow is to examine the linearized stability of the profile ¢.
Writing u(§, t) = ¢(§) + v(&, t), the perturbation v satisfies a nonlinear evolution
equation

(1.5) v, = £(v).
Linearizing this equation at v = 0 (taking a formal Gateaux derivative) we get
(1.6) v, = L'v = v, — ((df(¢) — 5)v)e — (dzf(qb)(i)f)v.

Typically, if one can show that the spectrum of £’ is contained strictly in the left-half
plane, so solutions of the linearized equation decay exponentially, then one can show
that small solutions of the nonlinear equation also decay exponentially.
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However, because the phase of the profile ¢ can be shifted an arbitrary amount,
the derivative ¢, is a null function for £/, so 0 is in the spectrum of £’. This situation
is typical for traveling waves in general, which arise in many contexts (e.g., nerve
impulses, traveling fronts for reaction-diffusion systems). In a broad setting, Sat-
tinger (1976) showed nevertheless that if 0 is a simple eigenvalue of £, and if the rest
of the spectrﬁm of £’ on a suitable function space is contained strictly in the left-half
plane, then indeed one obtains orbital asymptotic stability for the traveling wave ¢
with exponential adjustment. Actually, he required in addition that the resolvent
(A — £)7! satisfy a certain asymptotic estimate. In our Appendix we show that this
estimate is automatically valid for the systems he considers.

An important feature of Sattinger’s analysis is the use of spatially weighted norms
for function spaces to “push” the essential spectrum (the spectrum aside from
isolated points of finite multiplicity) of £ to the left. It may be verified, in fact, that
the essential spectrum of our £’ from (1.6) on unweighted L” spaces includes the
origin (see the treatment of the essential spectrum in Henry (1981), appendix to
Chapter 5). Our main result is to exhibit, for ¢ sufficiently small and k =1 or m, a
weighted space on which £’ satisfies Sattinger’s linearized stability criteria. Unfor-
tunately, our result does not immediately yield nonlinear stability by Sattinger’s
theorem, for our weight fails to satisfy two of Sattinger’s hypotheses. In particular,
(a) the weight is not a scalar function, and (b) it is not bounded below in some
components, so the nonlinear terms in (1.5) may fail to be continuous on the
weighted space. (In a supplement, we describe the spectrum on unweighted spaces.)

Our main result only applies to the extreme shock profiles, for which k = 1 or m.
Our approach is to try to decouple, to second order in &, the part of the linearized
equation (1.6) along r,(ug) from the components along r,(ug), j # k. Because of
Foy’s result, the part along r, consists mainly of Burgers’ equation linearized about
its scalar profile (1 — tanh 3x). For that equation the weight (cosh 1x) is standard.
The components along r; for j # k are dominated as ¢ — 0 by convective terms
-(A; = A «)v¢. For an extreme shock these terms convect in the same direction. Then
these components may all be weighted the same to achieve exponential decay, which
improves as ¢ » 0 and permits the elimination of nonvanishing “cross-terms”
coupling the r, and r, components together.

Let us now state our main result for 1-shock profiles (m-shock profiles may be
treated by space reversal, x — —x). By a linear change of coordinates, we may
assume

df(ug) = diag(\(ug),. ...\, (ug))

We introduce the following spaces of functions with weighted norms. For ¢ > 0,
1 < p < o0, define

(L?)7 = {u:R > R"|u'coshex € L?, ule™ € L?, j=2,...,m}
with norm

llull, . = max{|ju'cosh x| 5. l[ue™ || s, j = 2,...,m}.
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Define (C,)]" and || ||, . similarly, where C, is the space of bounded uniformly
continuous functions on R under the sup norm.

THEOREM 1.1. Fix uy € R and suppose A (u) is genuinely nonlinear. Consider the
linearized equation (1.6), v, = £'v, for the evolution of perturbations of the 1-shock
profile $(&; €). Fix ¢,0 < ¢ < 3. Then there exists 8,0 < B < c(1 — c) such that if ¢ is
sufficiently small, the spectrum of £’ on any of the spaces (L?); ,,, 1 <p < o0, or
(G2 consists of a simple isolated eigenvalue at the origin and a part which lies in a
sector strictly contained in the left-half plane,

S,(-4€8) = {A € C|Re(A + 4eB) < —(cos a) |\ + 4€7B]},
where a depends on ¢, 0 < a <m/2.

2. Scaling and transformation. The first steps in our proof will be: (a) to scale the
variables with ¢, using Foy’s result on the asymptotic shape of the profile ¢(§; ¢) as
¢ — 0, so that the part of (1.6) corresponding to the linearized Burgers’ equation
appears invariant of € as ¢ — 0; (b) to transform the scaled equation by introducing
appropriate weight functions. Theorem 1.1 will thereby be reduced to an equivalent
statement (Theorem 2.1) concerned with the spectrum of the scaled and transformed
operator on an unweighted space.

Without loss of generality, assume that up = 0 = f(ug). Let us recall Foy’s
asymptotic description of the 1-shock profile: For ¢ > 0 sufficiently small,

o(£: €) = Jey(3et; €)
where y( x; €) has the form
¥(x; €) = ¢%(x)r(0) + &(x; ),

where ¢®(x) = 1 — tanh §x and sup, |{(x; €)|< C independent of e. (This estimate
may be read out of Foy’s proof with a little care.)
Consider the terms in (1.6). By Taylor’s theorem,

df(¢(¢)) = df(0) + d*f(0)6(&) + R(£)¢*(£),
d*f(¢(£)) ¢, = d*f(0)p, + S(£)d(£) e (£),

where
k&)= [ (1= 0d(1e(8)) dr,  §(8) = [ '@f(19(8)) at.

R(¢) and S(¢) are bounded in £, and for each £ represent a trilinear map taking a
vector triple to a vector. The equality

(R¢?)¢ = Soo,
holds, where each side is a matrix.
Let us now introduce the following scaled variables (which, despite appearances,

have nothing to do with the original ones).

x=1et,,  t'=1e%t, teu=o.
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Then

so (1.6) becomes
I
* £/2
~[d?f(x) + 3eS(x/3e)9(x)d(x)] u.
Here the derivatives df and d’f are evaluated at 0 (= ug). Define the following
matrix-valued functions:

R(x) =d*¢(x) + %Ii(x/%e)n[/(x)z,
S(x) = d?*f§,(x) + 18(x/3e)¥(x)¥(x).

Note that R, = S, and R(x; &), S(x; ¢) are uniformly bounded independent of &. We
also define the matrix 4 = (a;) by

A =d*f(0)r)(0), soa,=1-d*f(r,r).
It is true that a; = VA, - r(0) = 1 (see Lax, 1957). Now (2.1) may be written in a
slightly more coherent form:
(22) Bu=u, —[(df —s)/%e + ¢¥(x)A4 + eR(x)]u, —[¢5(x)4 + eR(x)]u.

Observe that df — s = diag((A; — s),i = 1,...,m) and that (A, —s)/3e= -1 by
definition. Let us write (2.2) in a convenient block form. Write

(2.1) u,=Pu=u, + d2fY(x) + YeR(x/Le)p(x)|u,

1 3 :
u‘—“('{), where i = (u?,...,u™).
i

Relative to this decomposition, also write
d—s_[-1 0 |1 4 B
e/2 “[ 0 A/%e]’ A—la, il 9=

where A is a diagonal matrix with positive entries A, — s,...,A,, — s.
In block form, then, (2.2) is written

R, R
R, R

9

~ 1 1
(2.3) B’('{')z{’i M ](“_'),
u M L u
where the matrix entries are operators defined by
L'u'= L% — [RW'],,  M'a=-[(¢%" +eR" )i,

Mu' = —[(¢%a; + ¢R; )u'],, La=LTa—[(¢°4 + eR)d],,
and the dominant operators L? and L” are defined by
LPu' = up + (1= ¢°(x))u, — ¢f(x)u',  LTa=a,, —(A/3e),.
This completes the appropriate scaling of the variables as ¢ — 0. The operator L?

is the operator that would be obtained by linearizing Burgers’ equation u, + uu, =
u, . about the traveling wave solution $®(x — ¢) in traveling coordinates. It is well
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known (Peletier, 1971; Sattinger, 1976) that considered on a weighted function space
with weight w(x) = cosh 1x, the operator L? satisfies the linearized stability criteria
we are concerned with. (Briefly, the idea is that consideration of L? on the weighted
space is equivalent to consideration of the transformed operator wLZw™' on an
unweighted space.) Roughly, what we would like to show, using arguments from
perturbation theory for linear operators, is that L2 “dominates” the first component
of £ and the other components only “contribute” spectrum strictly in the left-half
plane.

Two observations are of primary importance. First, in general a' # 0, so the first
component of P’ apparently cannot be considered a “small” perturbation of L.
Second, observe that each component of the diagonal operator LT consists of just the
Laplacian plus a translational term. The time evolution for this operator yields, in
each component, solutions of the heat equation in a frame moving at constant
velocity. No weight which is bounded below can yield exponential decay rates for
such solutions (which are necessary if the spectrum of LT is to lie strictly in the
left-half plane), for they decay to zero only algebraically in sup norm. However, in
each component the solutions are being transported in the same direction at
increasingly high velocity as ¢ — 0 (since we are considering an extreme shock). Thus
one may expect that if we use a weight e* decaying in the direction of translation,
we would obtain exponential decay for solutions of @, = LT# at a rate which
improves as ¢ — 0. This should mean that the spectrum of LT moves further to the
left as € — 0, so that for A fixed, one expects the resolvent (A — L7)"! to decay in
norm as ¢ — 0. Then the resolvent equation (A — £")u = f might be solved as if it
were diagonally dominant, regardless of the coupling terms.

The discussion above completely describes our procedure, and motivates the
following transformation: Fix ¢ > 0, and in the block form used above, define the
matrix weight

VVL_(X) =[Cos(l)lcx e—ch]‘

Introduce the new dependent variable z = W,u. Then the equation u, = £'u is
transformed into
%)
z
where w/(x) = cosh cx.
In this way, consideration of the spectrum of the original £ on the space (L?)7, ,
is equivalent to consideration of the spectrum of £/ on the unweighted space (L7)g,

except for a scaling factor. To verify the scaling, consider the following equivalent
formulations of the resolvent equation:

(A—E)z=f(x) in(L")s.
Set z = W,u, f = W.g, and multiply by W,”' to obtain
(A —B)u=g(x) in(L?)].

1,,-1 l,cx
w.L'w; w.M'e

(2.4) z,=Rz=wlw = . .
e—cxch—I e *Le*
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Now set v(£) = teu(3e¢). To verify the scaling, compute formally

w

€ 3

Lo(é)=r¢,= gl = %E’u(x)‘
So, multiplying by & /8, we obtain
(1e2A — L))o =h(¢) in(L”)% ),
since W(3e€)h(§) € (L?)g. Therefore, A is in the resolvent set of fi; on (L7)f if

and only if &’ is in the resolvent set of £ on (L”)™ 2 Hence Theorem 1.1 is
equivalent to

THEOREM 2.1. Fix ¢, 0 < ¢ < 3. Then there exists B, 0 < B < c(1 — c), such that if
¢ is sufficiently small, then the spectrum of £, on (L?)§', 1 < p < oo, or (C,), consists
of a simple isolated eigenvalue at the origin and a part which lies in the sector

S.(-B) = {A € C|Re(A + B) < —(cosa) |A + B|}
strictly contained in the left half plane, where o may depend on e, with 0 < a < m/2.

The proof of this theorem has three main parts.

(1) Resolvent estimates for the operators w,L2w ! and e~ “*LTe<*,

(2) Verification that the first-order operator w,M'e“* has uniformly bounded
coefficients. It suffices to show that

sup |¢(x; e)e**|< C independent of e.
X

This yields the strict requirement ¢ < 3.

(3) Solution of the resolvent equation for [3; by block Gaussian elimination.

In the next two sections we treat (1). The estimate for L7, improving as & — 0, is
the key to the success of (3). Since L7 is diagonal, it suffices to treat a scalar operator
u,. — 2uu,, as p - co. Our discussion of L? parallels Sattinger’s treatment (1976)
of the general scalar equation. The argument for (2) in §5 consists of observing that
the exponential decay obtained in a standard proof of the stable manifold theorem
holds independent of € as ¢ — 0. (Y(x; €) is a solution of an ODE lying in the stable
manifold of the point 0.)

3. Weighted resolvent estimates for v, — 2uu, as p — 0o. We consider the scalar
differential operator
Loyu=u, —2pu,
and define
Lu=e“*Loe™u=u,, — (2p—2c)u, — (2pc — c?)u.

Observe that L,u = u,, — p*u is formally selfadjoint. We are concerned with the
situation p > ¢ > 0, c fixed, p large. We seek norm estimates, improving as p — oo,
for the operators (A — L,)™' and (d/dx)(A — L,)™' on L” and C,, uniform for A in
a fixed sector of C.

The following result suffices for our purposes. We define

S.B)={A€C|Re(A — B) = —(cosa) |\ — BI},
the sector with vertex 8 € R and angle opening 2(7 — «) to the right.
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PROPOSITION 3.1. Fix B € R and ¢ > 0. For any 6 > 0, if p is sufficiently large,
there exists a < w /2 positive, depending on ., so that

J
sup (di)'c) (A — Lc)"H <8

AESL(B)

for j = 0 and 1. The norm is the operator norm on L? (or C,).

This proposition follows from estimates on the Green’s function for A — L, which
is obtained by transforming through L. The resolvent equation for L_is (A — L )u
= f. Now

()\ — Lc) = e(#‘v)X(}\ — L“)e(c—ﬂ)x,
SO
(A= L,)el mxy = elcmmxf,

We therefore obtain the solution formula,

(= L7 00) = 5 [ e ) g

where y(A) = yu? + A, Re y = 0. Thus we define
K‘,(S, A) = e—YN‘*'(M't')S/z.Y’

so (A\—L)'f=K,(-,\)*f. When Rey>p—c, K,(-,A) €EL' and it may be
verified that the solution formula yields a bounded inverse for A — L, on L?,
1 < p < o0, on the domain

S(L.) = {f € L*?|f is absolutely continuous, f’, f” € L}

(similarly for C,). We omit the details, since a similar verification is carried out in
the next section for the operator w,LZw_'. We also find that

HO- L) = g | rum o[ e 8

Frtp=o)f ey (y) dy).

So defining
1
27 +p—c)etTTETOS s >0,
dK,(s,A) = )
E(y +p—c)elrrrmas, ifs<O0,
we have

d 1,
E(A_LC) f=dK,(-, ) = .

Using Young’s inequality, || K * f||,» < ||K|| pll f]l .-, We find

1 1 1
+
2]y[\Rey—(p—¢c) Rey+(p—c)

(A= L)"') <
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and

d a 1 [ ly=(p—0o)] ly +(p—o)]
“E;(}‘ L) ” = 2|Y|(RCY_(M"C) T Rev+ (n-c)
PROPOSITION 3.2. Let y = |u> + A for A € C. Then if p>2¢, a <w/2 may be
chosen so that
]y = (r—o)/Rey — (p— ¢)) < 3/u/c,if A € Sy(-pc),
@y = (r= )= c/4if A € S(-po),
Gy + (r—c)/(Rey + (p— ) < tan }(7 — a) <2, for \ € S(-).

These estimates yield, forpu >c, A € S(—pc),

- 1 12 2
ALY < ————— = + ——|.
“( c) ” 2|’L2+AII/2( ¢ I-L/C |.U,2+A|1/2)

Proposition 3.1 follows, for |u* + A|= (B + p?)sina if A € Sy(B), so the bounds
above tend to zero uniformly for A € S(8) as p — oo at the rate p~'/2.

/7 7
7/ Syl-cen) y /7 /
a4 / / QSQ(-Cu)"u’
/
ey < u-c / /
T=-Q - )

FIGURE 1. Action of the map A — yp? + A

PROOF OF PROPOSITION 3.2. Figure 1 gives a “before and after” view of the
complex plane under the map A — yu? + A. Part (3) of the proposition becomes
obvious, and parts (1) and (2) are implied by the estimates

(a)secd <3fu/c and (b)i>(p—c)+c/4.
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Calculation of i. Define
f= min Reyp’+A.
AESa(—Cp,)
We introduce some notation. Set 8 = p? — cu, z = —cos a + isina, k = cos a, and
s = sina. For t > 0, A = —pc + 1z lies on the boundary of S,(—cp) and y = {p2. + A

= /B + tz. We minimize Re y(r) = Re,/B + 1z with respect to z. Now (Re y)?
= 1(B — xt + n(t)), where n(¢t) =| B + tz|. One calculates

woy— L= Bx
()= T gy

Then

[(Re ‘Y)Z]' =2(Rey)(Rey) = %(—x + tn—t,[;lc) o,

only when |8 + #z|k =t — Bk, or
k2(B% — 2Bkt + t?) = t? — 2Bkt + B2,

or, since we seek ¢ # 0, (1 — k2) = 2Bxk(1 — k?). Therefore, t = 28k, whence

(2)* = Bs?,s0
i = sinayp® — cp.

Now B =(p—c)>+c(p—c). Ifu/c> 2, thenc/(p — ¢) < 1, and we have
\/E>(p,—c)(1 +(~/5— l)u_ic) >(p—c)+ %

Hence we may choose a < 7 /2 depending on p so that

(sina)(p—c+c¢/3)>(p—c+ c/4).
Thus g > (p—¢) + c/4.
Estimate of sec 6. Define 6 by

cech= max JYZ(BZOL
reS-an) Rey — (p — ¢)

Claim. If « = /2, then sec? § = p/c + 1. Define
h(e)=1v(t) = (=) |=B+1 = (p—c)|,  g(t)=Rey(r) = (p—c),
where B8 = p? — cu as above. We proceed to maximize h2(t)/g?(t) with respect to ¢.
This quantity is a maximum when g2(h?) = h?(g?). We calculate (with n(z) =
|B + ti)):
R (1) =|B + ti| =2(p — c)Rey + (p — c)’,
g(t) = 3(B + n(1)) = 2(n — c)Rey + (p — ),
(Rey)? = 2Rey(Rey) = 3n'(1),
(R?) =n'(t) = 2(p — c)n'(1)/4Rey,
(87) = 1n'(t) = 2w — c)n'(t)/4Re y.
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Thus h2/g? is critical when
g’ (2Rey = (p —¢)) = h*(Rey = (p — c)) = h’g,

or
gRey =h*— g2,
Thus
(Rey)’ — (p— c)Rey = $(n(t) — B),
or

3(B+n(t)) = (p— c)Rey = 3(n(z) — B),
so B = (p — ¢)Re y. Therefore, p = Re y at the critical point ¢. Squaring, we have
p? = 3(B + n(r)), n(t) = 2u* — B. Squaring again, 82 + 1> = 4u* — 4u?B + B2, so
1?2 = 4p*(u? — B) = 4u®(p.c). Therefore, the only positive critical point for h2/g? is
t = 2p/ic . We calculate the value of h%/g at this point.

n(2mfpc ) = VB2 + 4’ = Vel (n = o) + 4uc] = p(p+ o).

Since Re y(2p/ic) = p, we have

K _ plpte) =2p—cp+ (p—c)

8 limapie (m(p—c) +p(p+c)/2-2p—c)p+(n—c)
_atcd
=t =gt

Att =0, h?/g* =1, and for large ¢, h*/g> < 2. Therefore, the maximum value of
h?/g*is p/c + 1, establishing our claim for a = 7 /2.

To complete estimate (a) for sec §, fix u, and observe that h%/g?(t, a), properly
defined, is continuous in both variables so long as /2 — a is so small that g > ¢/4.
Therefore, if 7 /2 — a is sufficiently small (depending on p), then

max h*(t,a)/g* <%/c,
0<t<oo

establishing (1) of Proposition 3.2.

4. The resolvent set for L?u = u__ + (tanh 1x)u, + (3sech? 1x)u. In this section
we discuss the resolvent of L? on the weighted spaces (L?)! and (C,)! with weight
w/x) = coshcx. Equivalently, we study the operator L? = w,LBw_! on the spaces
L?, 1<p< oo, and C,. L®? may be obtained by linearizing Burgers’ equation
u,+ uu, = u,_ about the traveling wave solution ¢(x) = 1 — tanh 1£ in traveling
coordinates. Our present analysis may be considered an extension of that of
Sattinger (1976), whose results apply to the formally selfadjoint operator L? /2. Our
result is that if 0 < ¢ < 1, the spectrum of L2 on the spaces L”? and C, consists of a
simple eigenvalue at the origin, a discrete set of eigenvalues in the interval (- 1, 0),
and a part contained in the parabolic region

2
{AEC|Re>\<—c(l—c)—(lhj;\c) }
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Because of the next section, our results for ¢ strictly less than 3 are required in the
last section. In conjunction with Sattinger’s treatment of nonlinear stability, these
results imply that the traveling wave solution of Burgers’ equation is stable to
sufficiently small perturbations which decay exponentially as |x|— oo, no matter
what the rate. A similar result might be obtained for other types of scalar equations
that Sattinger considers. For scalar conservation laws with viscosity however, a more
general result may be found in Il'in and Oleinik (1960).

Our proof uses the transformation to the selfadjoint form L2 /2 to carry informa-
tion about that well-studied operator (its Green’s function, the location and multi-
plicity of its eigenvalues) over to analyze the nonselfadjoint L2, Let us collect the
facts we require about L? /2> following the development of Sattinger for the most
part.

A short calculation shows that

L% u=u, — (1 — 2sech’ {x)u.

LEMMA 4.1. Define y(A) = ‘/X + 1/4, Rey = 0. If y # 0, the homogeneous equa-
tion (L‘,B/2 — MNu =0 has a system of solutions ¢_, ¢, ,y_, and Y (x, \) with the
following asymptotic properties.

o.=e (1 +0(1), ¢.=e"(xy+o(l)) asx- oo,
v.=e (1 +0(1), y¢.=e""(xy+o(l)) asx - -oo.

These functions are single-valued analytic functions of X in the complex plane cut from
—00 to — % along the real axis.

Proor. This is a standard result on the asymptotic behavior of solutions to linear
ODE’s. To obtain ¢_, seek a solution of the form ¢_= z_e~"*. Then z_ must satisfy
the equation z” — 2yz’ +pz_= 0, where p(x) = 4sech’ 1x. Assuming that z’ > 0

and z_— 1 as x — oo, integrate to get

1 — e2y(x—s)

z/(x) = fooe“(“’)pz_(s)ds, z(x)=1- fxw(——z—;——)pz_(s)ds.

X

Choose x,, so that
© 1
/; pds<zv|.
0

Then a bounded solution z_(x) may be obtained on the interval [x,, co) through
successive approximations. This solution does indeed satisfy z_— 1, z’ - 0 as
x — o0, yielding the desired behavior for ¢_.

To obtain ¢, , set ¢, =z, e . Then we must have z/| +2yz/, +pz, = 0. Set
z,(xg) = 1,2/, (x4) = 0. Then, integrating,

2 () == [epz (s)ds, 2, (x)=1- [

Xq Xo

1— e—2y(x—s)
(—27_)‘DZ+ (s) ds.
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Our choice of x, ensures that this last equation may be solved for a bounded z, (x)
by successive approximations on the interval [ x,, o). This solution has a nonzero
limit as x — oo, so we normalize z_, , making this limit 1 and obtain ¢, with the
desired asymptotic properties.

Because of symmetry, we may set ¢, (x) = ¢=(-x). Since z, and z_(x,y) are
obtained by successive approximations, they are analytic in y in the right-half plane.
They are therefore analytic functions of A in the complex plane cut from —co to — 5.

Each pair ¢_, ¢, or y_, ¢, clearly forms a basis of solutions to the homogeneous
equation (L}, — A)u = 0. Define the Wronskian,

W(N) = o4 =iy,
(it is independent of x). The homogeneous equation has a bounded solution
precisely when either Rey = 0 or W(A) = 0. If Rey = 0 (so A < - }), all solutions
are bounded. If W(A) =0 but Rey >0, then ¢_ is a multiple of y, , which then
spans the set of bounded solutions. Conversely, if Re y > 0 and W(A) # 0, then any
solution bounded as x — oo is a multiple of ¢_, but ¢_= Ay_+ By, , where 4 # 0.
So no solution can remain bounded for all x.

Claim. The spectrum of L? 2 0n L7 or C, consists exactly of the zero set of W(A)
plus the interval (-oo, - 4]. Clearly, these points are eigenvalues for L? /2 on the
space C,. If W(A) = 0 and Re y > 0, then the eigenfunction ¢_(x, A) is in L? for all
p = 1. If Rey = 0, then all solutions of the homogeneous equation oscillate, and ¢_
is bounded but not in L?. It is then easy to verify that A is in the approximate point
spectrum of L% s 0on LP, 1 <p<oo. (Consider the sequence u, = j(x/n)$_(x),
where j(x) = 0 for | x|= 1, j(x) = 1 for | x|< 4, and j is smooth.) It will follow from
our analysis below of the resolvent of L that A is in the resolvent set for LY, when
Rey >0 and W(A) # 0.

LEMMA 4.2. Let A be a zero of W(X) in the complex plane cut from — oo to — § along
the real axis. Then (a) A is real and isolated, and (b) A < 0.

PROOF. (a) ¢_(x, A) decays exponentially as x — + oo, so defining
(u,v) = foou(x)ﬁ(x) dx,
-0

we have

Mo, o) = (L%, 0.) = (¢., LY 26.) = A(s_, 6.),
so that A = X. W()) is analytic and not identically zero in C\(-o0, — 1], so has
isolated zeros.
(b) The function ¢_(x,0) = +sech 1x is positive. (L? /2 kills a positive function
because it came from linearization about a monotone traveling wave.) If W(A) =0
for some A > 0, define

u(x) = ¢_(x,A)/$(x,0).
Then since y(A) > v(0), u(x) — 0 as x — =+ c0. Also, u satisfies the equation

u_ + |tanh LY 24>_(x,0) u, —
2 ¢_(x,0)

Au=0.
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By the maximum principle, it follows that ¥ = 0, for u cannot have a positive
maximum (at which «,, <0, u, = 0, ¥ > 0), nor a negative minimum. (This argu-
ment applies to both real and imaginary parts if u is not real.) This contradicts the
factu # 0. So W(A) # 0 for A > 0.

We turn now to construct a resolvent formula for L5, Assume that Re y > 0 and
W(X) # 0. The Green’s function for A — L7, is

1
W(A)¢+ (x, A)¢_(y, }\), for x <y,
Kl/2(x’ y,A) = 1

W-)-d)—(x’ }\)‘P*— (y’ A), forx > y.

The resolvent formula for L, is

(A= L8) 1) = [ Ky ol 7. Mf(3) .

Now formally,

-1
A—LB“:(WC)A—LB “(—WC) .
( c) W1/2 ( I/Z) wl/2

This yields the resolvent formula

(A= L8 f(x) = [T Kdx 7. Mf) .

where
1 coshex cosh y/2
A W(A)\PJ'(x)coshx/Z ¢-(7) coshey ° forx =,
K(x,y,\)= 1 6.(x) cosh cx o ( )coshy/Z f -
w(n) > coshx/2 ¥+ Y Teoshey 0 T T

The essential step in proving that A is in the resolvent set for LZ on L? is to prove
that the resolvent formula above yields a bounded operator on L?. Here is a
well-known sufficient condition that an integral operator be bounded on L?.

LEMMA 4.3. Let K(x, y) be measurable, with ||[K(x, -)||;» < C, independent of x,
and || K(-, y)llp < C, independent of y. Then the map

oo}
f= [ K(x, »)f(y)dy
-0
is bounded on L?, 1 < p < co, with norm at most C}~'/PC,}/?,

PRrOOF. Using Jensen’s inequality and Fubini’s theorem, we find

[ | kG0 8 ax

<" [Tk (kG s)s)

[>2] [oe]
<ct™' [ 1DIP[ 1K(x, y)ldxdy < CPTICf 1.
—00 )

The following estimate is therefore our main tool for describing the resolvent of L5
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PROPOSITION 4.4. Assume 0 < ¢ < 3, Re /A + 1/4 > 3 — cand W(A) # 0. Then

(@) |IKx, -, M| < C(A) independent of x, and
®) |IK (5 ¥, Ml < C(A) independent of y.

PROOF. (a) Assume x > 0 (the estimate for x < 0 is entirely similar). We estimate

the integral

[ 1K N 1y

— 00

separately on the three intervals (o0, 0], [0, x), and [ x, c0). On the half line y <0,

and for x > 0, we have the estimates

coshy/2 | _ Rey—(1/2-c))y
(3.1) bR < n)e ,
cosh cx ~(Re y+(1/2=c)x «
(32) o) ot | < G )e <c).
Then, since x > 0, these estimates imply
0 c.C 1
K(x,y,AN)]dy< 12 .
[ 1K Lx N1y WM Rey—(1/2—¢)
Now ¢, is a linear combination of ¢_ and ¢ . So for y > 0, we estimate
cosh y/2 _
(33) 4o (gl = Gpyetmerrar-on,

Together with the estimate (3.2), this yields

x c,C 1
K ) yA dy < 223 : .
/0 KLey M < 0ol Rev v (/2= 0)

Finally, on the half line y > 0, for x > 0 we estimate

cosh y/2 “Rey—(1/2-c)y
(3.4) 0.0 22 < (e ,
cosh cx
- (Rey—(1/2—c))x
(35) \P+( )COShX/2 CS(A)e s
which yields our last estimate,
™ C,C. 1

K(x,p,\)|dy< —23_. )
J 1Ky 1 < s R g

(b) We do the estimate for
[ 1K (x p. M)

similarly. Assume that y = 0. Then for x < 0, we estimate

coshcx

(36) ‘P+ ( )COSh X/2

< C6(A)€(Re 7—(]/2-—«:))x'
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Together with (3.4), we get (since y = 0)

0 C,C 1
|K(x, p, M) [dx < — 0 :
f_w IW(A)| Rey—(1/2-¢)
The estimates (3.4) and (3.5) yield
) C,C
[ 1K (x p0) 1y < oo !
0

IW(A)| Rey—(1/2—¢)°

Finally, (3.2) and (3.3) imply that

00 C,C 1
K(x,y,\)|dx< —22_. i
[ 1Ky Mlde < s R g

The estimate for y < 0 is similar.
REMARK. Suppose that 0 < ¢ < 3. Then Re /A + 1/4 > } — cif and only if
Im A )2
1—2¢/ -
We include the simple proof: Revz >a >0 when 2(Reyz)*> = Rez + |z|> 242
Then

Re)\>—c(1-—c)——(

(Rez)* + (Imz)* > (24> — Re z)’,

so (Im z)? > 4a* — 4a*Re z, and

Imz)2

2 _
Rez>a ( 2a

Nowtakez=A+ 4,a=13 —c

This essentially completes the determination of the resolvent set for LZ. To
complete the formal proof that A is in the resolvent set when Rey > ; — ¢ and
W(A) # 0, we need to verify that the (bounded) integral operator with kernel
K(x, y,A) actually yields the inverse of A — L? on a suitable domain. This
verification is straightforward; we include it for completeness.

The domain of L on L7 is the set of C' functions u with absolutely continuous
first derivative such that u, «’, and ¥” are in L?. (On C,, require «’, u” in C,.) Given
fin L?, define

Gf(x) = [~ Kdx. 7. Mf(y) dy

To show that G is a right inverse for A — L2, we must show that u = Gf is in the
domain of L? and that (A — L?)u = f. We may write
w

2u(x) =4, () 0 S d o () [ v

We

w

w(r)

w,

L2 £(y) dy.

Clearly u(x) is absolutely continuous, so may be differentiated almost everywhere.
We calculate

W(A)( w‘”u)'(x)

w(.‘

w Wi,

We

=V [ oL A0V + () [ S0 b e

w
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Now it is clear that u’ is absolutely continuous. One may verify that 4’ is in L” using
the proof of Proposition 3.4, for ¥/, and ¢’ have the same asymptotic properties as

Y, and ¢_.
Differentiating again, we find

WO ML) () = W) L) 4 vt () [ o

w

1/2
W 1) b

w

+¢i’(x)f°o¢+ L2 f(y) dy, ae.

w

Since ¢_ and ¢, are eigenfunctions of L} ,, we get

Wi 2 Wi/

(A—Lf/z) U= /s

W,

Therefore (A — LZ)u = f a.e., hence in L?. This implies that u is in the domain of
LB So G is a right inverse for A — L2 on L?.

To show G is a left inverse for A — L? on its domain, it suffices to show that
A — LB is one to one. (For then if u is in the domain, and f = (A — L®)u, we have
(A —-LBY(Gf — u) = 0, so Gf = u.) But if A — L5 is not one-to-one, there exists v in
its domain with (A — LZ)v = 0. Then v” is absolutely continuous, so v is in C2 and
L”. Since A is not an eigenvalue and Re y > § — ¢, one may show that v must be
zero.

REMARK. In the discussion above we needed to know that if A is in the resolvent
set for LB, then (d/dx)(A — L?)™" is a bounded operator on L?. This is actually
quite a general fact for the second-order systems considered in Sattinger (1976).
Also, in our treatment we did not follow Sattinger in pursuing resolvent estimates
asymptotically for large |A|. Estimates such as he requires (see Sattinger (1976),
Lemma 3.4(ii)) are automatically valid for the class of second order (matrix)
differential operators he considers. We defer a discussion of these issues to the
Appendix.

Only one fact remains to be proved in this section.

PROPOSITION 4.5. For 0 < ¢ < 1, the eigenvalue 0 is a simple eigenvalue for L® on
L? (and C,).

PROOF. We must show that the associated projection operator on L7,
1 -1
P.=5—[(¢-LE)d
= [ 1) &
is one dimensional. (Here T is a smooth closed curve in the region Rey > § — ¢
enclosing the origin.)

First, observe that the kernel of Lf is one dimensional. (If Lf u = 0, where u is in
the domain of L2, then u” is absolutely continuous, so u is in C? and L”, hence is a
multiple of ¢_.) We claim that the quasinilpotent D, associated with the eigenvalue
zero,

_ _ 1 -1
D, =LPP = mfF{(K—Lf) ds

is actually zero. This suffices to show that P, has one-dimensional range.
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We argue as follows: First consider the case ¢ = 4 on the Hilbert space L. The
operator L? '/, 1s then actually selfadjoint, and one obtains D, ,, = 0 on L? (we cite
Kato (1976), V. 3.5-6). But then we may write

Dfx) = 50 [¢[ Klx 3 Of(0) dy i

(x) 5

Wi 2 2mi

WC

S Kt n 5L ) dyde =,

for any fin C§°(R). But D, is bounded on L?, so D, = 0. Therefore, the eigenvalue 0
is simple.
5. Weighted estimates of the shock profile. The k-shock profile ¢(§; €) obtained
from Foy (1964) when A, (u) is genuinely nonlinear is a solution of the equation
¢ = f (¢) — 5¢.

(Here s = A\ (ug) + 3¢, and, for convenience, ug = 0 = f(uy).) For each ¢, ¢(§; ¢)
is in the stable manifold at O for this equation. We need the following estimate, for
the 1-shock profile in particular (see the end of §2):

PROPOSITION. Fix ¢ < § positive. Then there exists a constant K, such that if € is
sufficiently small,

sup |¢(&; ) |< eKe .
3

PrROOF. From Foy’s proof, ¢(&; €) = Sey(3€€; €), where
¥(x; €) = (1 — tanh $x)r,(0) + €f(x; €)

and
sup [§(x; €)|<C.
x€R
0<e<e,
We will show that

sup |Y(x; €) |< Ke >

(independent of ¢). Y satisfies the equation

(5.1) b = A+ F(¢)

where

_ f(ev/2) — df(0)ey/2
(e/2)’

Fe(y)

and
A® = diag{(A,(0) —s5)/4e,i=1,...,m}.

Then A%, = -1 and 0 = F%(0) = dF*(0). Also, d*F%(v) = d?f(ev).

Our proof follows a standard proof of the existence of the stable manifold based
on solving an integral equation by successive approximations (Coddington and
Levinson (1955), p. 330).
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In block form, write

e_[A 0 _[e™ 0 (0 0
A_(o Az)’ U'(T)_(eo 0)’ UZ(T)_(O e )

where A' is diagonal with negative eigenvalues, A? is diagonal with positive eigenval-
ues. Choose ¢ < 1 positive. Then if ¢ is small enough, there is a ¢ > 0 so that

|U(T)|<e @t forr=0,
0

[Uy(7)|<e", forr <0.

Fixing a € R”, we consider the integral equation
(5.2) 8(r,a) = U(r—T)a +/’Ul(7 — 5)F(8(s, a)) ds
T
—/“UZ(T — 5)F(6(s, a)) ds.

The following Lipschitz estimate holds for F*. If |6, |, |6,|< §, then

|FE(01) - Fs(gz)

< sup (dF(0)]|6, — 6,|< M8|8, — 6,],

p<s

where M is a bound for d2f in a neighborhood of 0.

Therefore, restrict § and a so that 2|a|< § and M8(1/0 + 1/(2c + 0)) < +. We
solve (5.2) by successive approximations: set 6°(r,a) =0. Then 6\(r, a)=
U(r — T)a, and

|01('T, a) _ 00|< e-ZC(‘r—T)lal .
By induction, we show that
|0[+I(T, (1) _ 0II<|a|e—2c('r—T) . 2—1‘

Indeed,

|01+1(’T, a) _ 01|<f‘re_(2c+o)(f_s)(M8lale—zc(s_r) . 2—I+|) ds
T
o0
+/ eo(‘r—s)(M8|a|e—20(s—T) . 2-1+1) ds
T

— M8|a|2-1+l(e-20(‘r—~T)e-o‘rf‘reosds + ec‘r+2€7‘f°°e—(20+o)s dS)
T T

< 1\4<S|a|e-2“f—”(l +o

5 3ot )2—1+| <Ia|e-20(7—T) . 2—1.

Therefore 8’ converges uniformly to 6(r, a) with

(5.3) 16(7,a)|<2]ale D forr=T.

This @ is a solution of (5.1) and 6(T, a) has a special form: 0(T,a) =a;if j<k.
What is more, 6(r, a) is the unique solution of (5.1) with 6(T) = a, for j <k so

0 — 0 as 7 — oo (here we apply the stable manifold theorem). What we have shown
is that the size of the neighborhood in the proof of the stable manifold theorem on
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which the estimate (5.3) holds does not shrink to zero as ¢ — 0. Instead, this estimate
holds whenever

) 1 1 !
Now y(7; €) = (1 — tanh7/2)r, + €(7; ¢), where |{|< C independent of e. Thus if
g, is sufficiently small, say e, < 8 /4C, then there exists a fixed T so that
|[¥(T; e)|<8/2, foralle<eg,.

Since Y(7) — 0 as 7 — oo, this implies that y(7) = 6(7, Y(T')) by the stable manifold
theorem (for ¢ fixed). Therefore,
|Y(7; e)|< (8e?T)e ", foralle <eyandr=>T.
Since y(7; ¢€) is bounded, there exists K such that
[¢(7, €)|< Ke <", for alle < ¢, and 7 real.

6. The resolvent equation for fi;. We proceed to complete the proof of Theorem 2.1
by showing that if A # 0 lies exterior to a suitable sector strictly contained in the
left-half plane, then A is in the resolvent set for Eg, i.e., the solution operator to the
resolvent equation (fi; — Mu = f is a bounded operator on (L”)g (or (C,)g). We
introduce some convenient notation for the components of Eé in block form (see §2).

L =wlL'w™", N!' = w.M'e™,
N. = e “Mw! = e *Le .
Also set
LE=wLPw ', R:'=-w[Rw7'],,
LT=e%LTe™,  R.:=-e"[(¢°4 + eR)e ] ..
Then
B+ ert N
L= - s |
L N, L.+ R,

The operators R., R_, and N, are first order differential operators with smooth,
uniformly bounded coefficients as ¢ — 0. Provided ¢ < 4, the same is true for N
because of the result of the previous section,

sup |yY(x; £)e?*|< K independent of «.
X

Consider the resolvent equation, for A € C, f € (L?)g or (C,)§"

Lf+e~R‘C—)\ N, ](zl):(fl).

N, LT+ R, —A|\Z f

Fix Bwith0 <8 <c¢(l —c)and a, 0 < a < x/2, so that the only point in S,(-8)
(see §3) in the spectrum of L? is the point A = 0. Choose r, 0 < r < B, and delete
from the right-facing sector S,(—f8) the disk of radius r centered at the origin,
obtaining a region

P = S-B)\{A EC|IA|< T} (see Figure 2).
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/
AV,

FIGURE 2. The set %P,

Claim. If € is sufficiently small, « < 7 /2 may be chosen (depending on ¢) so that
% 1is contained in the resolvent set of £/.

PRrOOF. (1) There exists C, so that |[RY(LZ — A\)™'|| < C, for all A in 9,. (For this
we require some asymptotic control on (L2 — A)7!|| and ||(d/dx)(LE — X\)7"|| as
|A]|= oo in S,(—B). The necessary estimates, proved in detail on C,, are found in the
Appendix.)

(2) For e < 1/2C,, the operator

LE+eRL— A =[1+eRY(LE—A)"|(L2 - 2)
is invertible for all A in ¥,, with norm
-1 -1
I(Le = A) < 2(LE = X))
(3) For A in @, and ¢ < 1,/2C, we may eliminate N, from the resolvent equation,
obtaining
1 1 1
Lc A Nc 1 (Z] ) _ f
0 (r+o(Ll-A))(LI-N) [V 2]\ F- Nz -0

1
where Q = R, — N(L. — A)"'N\.
(4) There exists C, so that for all A\ in &,
IN(LL=A) 1< Gy

(5) Apply Proposition 3.1 for each component of LT. There exists ¢, > 0 so that if
€ < g, wemay finda <m/2soforallA € 9,

INNLT = A) < 1/4C, and JlQ(LT = A) < 1/2.
Therefore, we may immediately solve for Z, obtaining the estimate
5 LT
2l < 21(LE = X)W1+ Gl f'n)-
Then z' is determined by

= (L-A) (- M)
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and since
z=(LT=A)"'B(f- N(L = A)'fY),

where B = (I + Q(LT —X)™')"!, so ||B|| <2, we find (using (5) to estimate N7)
that

2]l < 2(LE - )||(||f||+ (IIfII+CzIIfII))

This establishes the claim above, showing the %, is in the resolvent set of g -

To complete the proof of Theorem 2.1, it remains only to show that inside the disk
|A|<r, the spectrum of Eé consists solely of a simple eigenvalue at the origin.
Consider two projections P, and P, defined on (L?)g or (C,)g by

1 P, O
F= 2mf(§ E;) s, PO:(OB 0)

in block form, where

Py =37 JL(— L2V e

2mi

Here the integration is taken in the positive sense around a circle I' centered at the
origin with radius 7, r < 7 < . From the theory for L? in §4, P, is a one-dimen-
sional projection.

Claim. If € is sufficiently small, then | P, — Py|| < 1.

This implies that P, is one dimensional. But £’, hence Eé, has an eigenvalue at 0,
since £'¢, = 0. The point zero is therefore the only point inside the circle of radius r
in the spectrum of £/.

The proof of this claim is straightforward, using the resolvent estimates we have
developed. ForAon T, fin (LP){, let

(i') =(E;—A)(f~l), 2B = (LE-2)"fL

Then it suffices to show that given § > 0, then for ¢ sufficiently small,
N2l <8liflIl and |lz' = z®| <8|lf]

for all A on I'. The first inequality is clearly guaranteed by our previous estimate for
% and the resolvent estimates for LT (Proposition 3.1). For the second, consider z' in
more detail:

= (22 =0 |1+ er2z = 2)"]7
[ - =AY B(F - R -]

By Proposition 3.1, we can make || N(LT — A)~'|| as small as we like by choosing &
sufficiently small, and we can also achieve

-11- 1
I[2+erULE =) - 11 <38,
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from which we may extract the second estimate. So the claim holds, completing the
proof of Theorem 2.1.

Appendix. Resolvent estimates in weighted norm for certain parabolic systems.
Here we develop an abstract treatment of some resolvent estimates which were
required in the theory of asymptotic orbital stability of traveling waves developed by
Sattinger (1976). For the class of operators and spaces with scalar weights consid-
ered by Sattinger, we show that the asymptotic estimates he required hold automati-
cally, so need not be separately checked. Similar estimates are commonly developed
for parabolic operators in unweighted spaces in the theory of fractional powers of
sectorial operators, which are generators of analytic semigroups (a good reference is
Henry, (1981)). Our treatment is self-contained, and proceeds in the spirit of
perturbation theory for operators generating quasi-bounded semigroups. At the end
of this section we prove a result involving matrix weights, validating the estimates
for our operator £’ on the spaces (C,)” considered in the main body of this paper.

Let us describe the estimates involved. Consider an operator

Lu= Pu, + M(x)u, + N(x)u,

where u(x) € R™, P is a positive definite matrix, diagonal for simplicity, and M(x)
and N(x) are bounded uniformly continuous matrix-valued functions. Let w(x) be a
given scalar weight function. L will be considered as an operator on the weighted
space

B, = {u: R » R"|w(x)u(x) is bounded and uniformly continuous},
with domain
(L) ={u € B,|u,and u,, arein B, }.
The space B,, is equipped with the norm

Jull, = max sup | w(x)u(x)) .

X

We also define a norm
el 1 = Nuelly + Ml -
The weight function w(x) should satisfy
(1) w(x) =1 for all x;

@i)) sup, |1 — w(x + t)/w(x)|—> 0ast— 0.

In Sattinger’s framework, L was obtained by linearizing about a given traveling
wave of a nonlinear parabolic system. Condition (i) above is explicit, and (ii)
implicit, in Sattinger’s analysis. Condition (ii) ensures that the shift u(x) - u(x + ¢t)
is a bounded operator on B,, continuous in ¢, and implies that w(x) is continuous
and grows only exponentially as | x |- oo. The use of spaces of uniformly continuous
functions is also implicit in Sattinger’s work.

The second proposition below contains the estimate Sattinger requires in his
Lemma 3.4 and Theorem 4.1. The first proposition simply states that —L is a
sectorial operator in the sense of Henry (1981) or m-sectorial in the sense of Kato
(1976).
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PROPOSITION A.l. The operator L on B, with domain °D(L) is a closed, densely
defined operator. For some a, 8 real, with 0 < a < 7 /2, the sector

S,s = {A € C|Re(A — B) = —cosa|X — B|}
is in the resolvent set of L, and for any such sector Sz,

(A.1) A= L) fll,, < Copll fIL/IA — B
forall\ € S,4,f € B,.

PROPOSITION A.2. For any A in the resolvent set of L, d/dx o (A — L) is a
bounded operator on B, and for any sector S,4 contained in the resolvent set of L,

’

G
(A2) A= L)"Fll,. <|7#|,/2nfnw

forallA € S,p,f € B,.

Our approach to the proofs will be as follows: First we verify (A.1) for the scalar
operator u — u,; then (A.1) is valid for the diagonal operator u — Pu,, . We then
establish the result for L by treating the lower order terms by perturbation

arguments. The same procedure is used for Proposition A.2.
Our analysis begins with a study of the translation group U(¢) acting on B, by

(U()u)(x) = u(x +1).
LEMMA A.3. U(t) is a strongly continuous, quasi-bounded group, meaning that for
some constants M and b,
(A3) U(t)ull,, < Me|jul],,.
The infinitesimal generator of U(t) is the operator Du = u,, with domain
D(D)={ueB,|u €B,)}.

The resolvent set of D includes the set of \ € C with|Re A |> b, and for such X we have
the estimate

(A.4) (A = D) "ull,, < M|jull,,/|Re A| —b.

In order to carry out the proof, we first estimate the weight.
Claim. There exist constants M and b such that

(A.5) supw(x + t)/w(x) < Me?* for all .
PRrROOF. Using property (ii) satisfied by w(x), we may find ¢ > 0 and b = 0 so that
(A.6) sup supw(x + t)/w(x) = e’
H<e x

Given any real ¢, we may write ¢ = ne + ¢, where n is an integer and |/|< e. Since
w(x + je)/w(x + (j — 1)e) < e’ for any j, we obtain

w(x + 1) /w(x) < (e?)".ebe < MeM
where M = e2¢, So the claim (A.5) is established.
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PROOF OF LEMMA A.3. The claim above implies the estimate (A.3). For u € B, , let
us verify strong continuity:
sup|w(x)(u(x + 1) = u(x)) < sup|(w(x) — w(x + 1))u(x + 1)]
X X

+sup|w(x + u(x + 1) — w(x)u(x)].

The second term tends to zero as ¢t — 0 because wu(x) is uniformly continuous, and
the first term tends to zero because wu(x + t) is bounded and

sup|1 —w(x)/w(x+1¢)|-0 ast-0.

Consider the operator Du = u,. It is not hard to show that %)(D) is dense in B,,.
We claim that, if Re A > b, then A — D is invertible, with

(A7) (A=D)'f=["eMU(1)fa1, fEB,.
0

Indeed, letting v denote the right-hand side, we have

0 M
loll, < [ e - Me® dul Il < gk —5 1/l

Also,

o(x) = fooe‘“f(x +t)dt = e""fwe"“f(t) dt,
0 x

so v is differentiable and Av — v, = f, so v is in the domain of D. Therefore A — D is
invertible on B, and (A.7) holds.
When Re A < -b, a similar analysis holds with (A.7) replaced by

(A8) (A—=D)'f= fo e My(t) fat.

The identities (A.7) and (A.8) imply that D is the infinitesimal generator of the
group U(t), but we will not use this fact. Refer to Kato (1976) for the details.
PROOF OF PROPOSITION A.l1 FOR D?2. The domain of the operator D? is

(D?)={u€B,|u,andu, arein B,}.

Consider the resolvent equation for D?:
(A—=D%u=f.

Write A = y2, Rey = 0. Then A — D? = (y — D)(y + D), and if Re y > b, then +vy
is in the resolvent set of D, so

u=(A-D*)"f=(y+D)'(y—D)'f
and

llull,, < M2(1f1l./ (Rey — b)™.

So the resolvent set of D? includes the region Re VA > b, which is “exterior” to the

parabola ReyA = b. This region contains a sector S,,, where B > 5%, 0 < a < /2.
Let S,z now denote any sector in the resolvent set of D?, with 0 < a < 7/2. We seek
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to show (A.1) holds. The resolvent is uniformly bounded in any compact subset of
S,g> S0 we need only verify (A.1) for |A| sufficiently large. It suffices to prove the

following
Claim. There exist constants C and ¢ so that if A € S5 and [A|> C, then

(Reyh —b) = clA— Bl
For the proof, first choose & 0 < & < a, and pick C > 2|B| so large that if A € S,
and |A|> C, then A € §;, i, argA <7 — d. Since the set ReVA =2b is a
parabola, we may inflate C so that if A € S5 and |A|> C, then RevA >2b. We
also have argyA < (7 — &)/2, so it follows that (ReyA — b)/|VA | has a positive
infimum ¢, for A € S,4,|A|> C. Then

(ReyX —b)" = c,IA|

and since C > 2|8}, |A|=c5|A — B] for [A|> C, c; >0, and the claim follows.
Hence Proposition A.1 is established for the operator D?.

Now Proposition A.1 is valid for pD?, p > 0, by a simple scaling argument. We
may separately analyze each component of the resolvent equation for PD?,
(A — PD?)u = f, where P is a positive definite diagonal matrix, and find that
Proposition A.1 is valid for this operator as well.

Our treatment of the lower order terms of L is based on the notion of relative
boundedness of closed operators, and on a Landau-Kolmogorov inequality for
generators of bounded semigroups (a recent reference is Chernoff, 1979).

DEFINITION (cf. KATO (1976)). Let A and B be operators on a Banach space, with
D(B) D D(A). B is said to be A-bounded with bound ¢, if for any ¢ > ¢,, there
exists C so that for all v € D(A),

|| Bo|| < Cljo|| + cl|4v]].
LEMMA A 4. Let M and b be given from Lemma A.3. Then for any u € )(D?),

(A9) I(D = b)ull, < SUD = bYull, + (M+ DAl for allA>0,

(A.10) (D = b)ull2 < Cyli(D — b)’ull,\lull, for some constant C,.

COROLLARY. D is D*-bounded with bound 0 on B,,.

Proor. For A > 0,

1A = (D = 5))"'lI < M/A.
For u € )(D?), we may write
(A+D—b)u=(A—(D—b))" (¥ = (D—-b))u,
$O
M/, 2
(D = b)ull, < Aljull,, + T(}\ llull, + (D — b) u”w)’

yielding (A.9). Put A = (|(D — b)*ul|,,/|lull,)'/* to obtain (A.10). For the corollary
argue as follows: D is (D — b)-bounded, since

|1 Dull,, < |I(D = b)ull,, + bliwll,,
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By (A.9), (D — b) is (D — b)*bounded with bound 0. Finally, (D — b)? is D*-
bounded, for
(D — b)*ull,, <[D2ull,, + 2b|I(D — b)ull,, + b2|lull,,
<||\D2ull,, + 2b(el(D — b)’ul, + C(e)lull,,) + b2|ull,,.
Taking ¢ sufficiently small, we find
(A.11) (D = b)*ull, < c||D?ull,, + Cllull,.

Then D is clearly D*-bounded with bound 0.

PROOF OF PROPOSITION A.1. Let Lu = Pu,, + M(x)u, + N(x)u, and let Lyu =
Pu,,, Bu= M(x)u, + N(x)u. Since M(x) and N(x) are bounded matrices, B is
D-bounded, i.e.,

|Bull,, < cllull,, + Cllull, foru &€ D(D).

Applying the previous corollary, B is D*-bounded with bound 0, hence L-bounded
with bound 0. But then L, is L-bounded, for

I Loull,, <IILull,, + || Bull,, < | Lull,, + &l Loull,, + C(e)ljull,,

and if e <1 we obtain ||Lyu||,, < c||Lu||,, + C||lu||,,- Hence B is L-bounded with
bound 0.

Fix a sector S, with 0 < a <7/2. If A € S,z and |A| is sufficiently large, A — L,
is invertible and (A.1) holds for L,. Rewrite (A.1) in the equivalent form,

(A.12) lull, < (A — L)ul|, foru€ D(L).

I’\ BI
We claim that (A.12) holds for A in S5 if |A | is sufficiently large. For u € (L),

(A = Lo)ull,, < (A — L)ull,, + |Bull,, <[(A — L)ull, + el Lull,, + C(e)llull,,
<(1+e)(A = L)ull, + (A|e + C(e))llull,.

Now (A.12) holds for L, for some constant C,,. Fix e <1/4C,q. Then if |A] is
sufficiently large,

(Mt Ce) < 3

and we have

Cap
Jull, < 52500\ = L)ul + 3l

for | A | sufficiently large, yielding (A.12). So Proposition A.1 is established.

PROOF OF PROPOSITION A.2. Define the operators L, L, and B as above. Let us
show that if A is in the resolvent set of L, then D(A — L)! is a bounded operator on
B,,. Observe that since D is D>-bounded with bound 0, and L, is L-bounded, it
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follows that D is L-bounded with bound 0. Then, since range (A — L)™' = (L) C
S)(D), we have, for any f € B,,

IDOXN = L)' fll, <clL(A = L) 'fII, + CI(A = L)' ]I,
<clfll, + (cIA[+OMA = L) £ll, < CNAI,.-

Let us now assume that (A.2) holds for the operator L, for |A| sufficiently large, A in
any given sector S,5, 0 < a < /2, and show that it holds for L if |A| is sufficiently
large. Rewrite (A.1) in the equivalent form,

’

C:
(A.13) lull, + 11 Dull,, < ﬁ“—‘}gp‘/f”“ — L)ul,,

foru € D(L), A € S,4, |A|sufficiently large. Now
A = Lo)ull, <I(A = L)ull,, + | Bull,, < (A = L)ull, + C(ull + || Dul)).

Since (A.13) is assumed to hold for L,, we therefore have

(lull,, + 1 Dul] )(1 - aC ) < Cer (A = L)ul|
" " A= B3] 1A= B2 "
Therefore, if | A | is sufficiently large, (A.13) holds for L as well, perhaps with a larger
constant Cg.

The last step in our proof is to establish (A.13) for the operator D2. By
considering each component separately, it will follow immediately that (A.13) is
valid for the diagonal operator L. Our approach is to use the Landau-Kolmogorov
inequality (A.10), along with the sectorial estimate (A.12) for D?.

Fix any sector S,z. Then for A in this sector, |A| sufficiently large, A — D? is
invertible and (A.12) holds. Recall from (A.11) that (D — b)? is D2-bounded. Using
(A.10), we find that for u € (D?),

(D = b)ull}, < Coliull,(cll D?ull, + Cllull,)-
Now || D%u||,, <|(A — D?®)u]|,, + |A||lu]|,., so, estimating ||u||,, via (A.12), we obtain

COCaB Caﬁ
D—bu|l< ———|c+ (c|]A|+C A—D?)u|.
Therefore, for | A | sufficiently large,
C.p )
(A.14) (D = b)ull, < ———— (A = D?*)ul,,.

A= BI
Now D is (D — b)-bounded, and we have
llull, + 1Dull,, <|I(D = b)ull, + (b + Djjull,.
Using (A.14) and (A.12), we obtain (A.13) for D? for all A € S,p With |A| sufficiently
large. This concludes the proof of Proposition A.2.
We conclude this section with some brief remarks about matrix-valued weight

functions which show that our operator £’ of (1.6) satisfies the estimates (A.1) and
(A.2), at least on the spaces (C,)r: , for ¢ sufficiently small. Consider a smooth
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matrix function W{(x) which is diagonal for all x for simplicity, with W,,(x) > 0 for
each i. Define the weighted space

B, = {u: R > R”| Wu(x) is bounded and uniformly continuous},
with norm

lully = max sup | W, (x)u,(x)].
For example, if W),(x) = coshcx and W (x) = e™* for j > 1, then By, = (C,).
The theory of this appendix does not apply in B ,; e.g., multiplication by a constant,
nondiagonal matrix M need not be a bounded operator in B . However, in special
circumstances the estimates (A.1) and (A.2) may hold if the weight W(x) may be
used to define a similarity transformation which takes the operator under considera-
tion to a “nice” operator acting on the unweighted space (C,)™.
Let L be an operator on B,

Lu=Pu_ + M(x)u, + N(x)u,
where P is a positive definite diagonal matrix, and M and N are smooth bounded
matrix-valued functions. Define an operator on (C,)™ by

L,0=WLW™v = Po_ + M(x)v, + N(x)o.

Now M(x) and N(x), in general, are not bounded functions of x, but suppose they
are. (This is the case of interest in this paper, where L, corresponds to £/, cf. (2.4).)
Then the results of this appendix apply for L, on the space (C,)™, yielding (A.1)
and (A.2) for L. Consider the equivalent formulations (A.12) and (A.13). Then
(A.12) holds immediately for L on Bj,. Given any u € (L), then v = Wu is in
D(L, ), and

Cup
- BI”
To verify (A.13), observe that

WDu = Dv — W W .

Require that sup, | W W ~!(x)|< C < co. (This is valid for the weights we have used
in this paper.) Then

CaB
=gl

(A= wLw )oll, = (A= L)ully.

el = ol < 75

Co:ﬂ(l +C)
—WII(’\ — Ly)oll,

lullw + 1 Dully, < (1 + Clloll, + 1Dvlly, < B

SO A~ Ll
= ————(I(A — L)u|,.
1A= Bl I
Supplement. Marginal stability on unweighted spaces. Here we show, using Theo-
rem 1.1, that the linearized operator £’ for the weak 1-shock profile has no unstable
eigenvalues. More precisely and more generally

THEOREM. For ¢ > 0 sufficiently small, the resolvent set of £’ on the unweighted
space (C,)™ (also (L?)™) includes all complex \ exterior to the sector S,(— 1e8) of
Theorem 1.1 and exterior to some parabolic region P. = {A|Re\ < -C(Im A)?}
which lies in the left-half plane but includes the origin.
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For the proof, it is enough to show that £’ has no eigenvalues in the region
described. This is due to a characterization of the essential spectrum (spectrum aside
from isolated points of finite multiplicity) that may be found in Henry (1981). Let
A, = df(ug) —s,A_=df(u;) — s, and form the sets

S. = {)\ € C|det(—'r2 —itA. — }\) = 0 for some real ’T}.
Then S, US_ is contained in the essential spectrum, but the connected component

of C\(S, US_) which is unbounded to the right is devoid of essential spectrum.
Note that here, any A € S.. is of the form

Re A = —12, Im>\=7(>\,(uR,L)‘S) for somej = 1,...,m.

so S, US_is contained in a parabolic region {A € C|Re A < —-C(Im A)?} for some
C > 0. Now suppose A € C\(S,(-+€?8) U P.) and A is an eigenvalue, so (£’ — A)¥
= 0 for some function ¥(x) in Dom(£’). (Therefore ¥ is bounded and smooth.) It
will be convenient not to scale the independent variable, so for 0 < ¢ < 3, we let

1 1
B/ — WE!W—] — Lc Mc W(x) :[COShECX/z 0 .
¢ ¢ ¢ MC I:c ’ ¢ 0 e—ecx/Z

We claim that W ¥ is bounded, so that A is an eigenvalue of £/, contradicting
Theorem 1.1.

Step 1. We claim |e~**/2¥(x)|< const, x < 0. We apply standard theorems on
asymptotic behavior of solutions of linear ODE’s (Coddington and Levinson 1955).
As x » —o0, ¥ is asymptotic to a solutionof u,, — 4_u, — Au =0, i.e.,

¥(x) =e**(r+o(l)) and ¥'(x)=p_e**(r+ o(1)),
where (p,z_—u_A_—)\)r =0 and Rep_=0. In this case, p_ is of the form 2u_=
(A (up) — 5) + (A, (uy) — s)> + A)'/? for some j. For A “exterior” to S_, we have
Re((A(u;)) —s)* +A)'/2 >N (u;) —s, so Rep_=A,(u;) — 5. Recall that s=
A(ug) + 46, VA, - ri(ug) = 1, and u; = uy + er; + O(e?), so Rep_= 1e — O(&?).
For & small, we then must have Re u_—ec/2 > 0, so the claim holds.

Step 2. We claim |e®*/2¥'|< const, x = 0. A different argument is needed here.

In block form, ¥ = (¥', ¥), and
(L — A)[cosh ecx/2 ¥'] = -M[e~**/2¥].
The right side is bounded, from Step 1. By the construction of the resolvent of E; in
§6, A is in the resolvent set of L! if A = 0 is exterior to S,(—e8/4). Therefore we may
find ® in Dom(L!), so bounded, with
(LL=X)® = —-M[e =/ ¥].

Hence

(Lh = N)[¥' — sech ecx/2 ®] = 0.
The expression in brackets is bounded, so has asymptotic behavior e*+*(1 + o(1)) as
x — + o0, where (since A \(ug) — s = —¢/2)

pi +p,e/2—-A=0, Rep, <0,
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so p, = —£/4 — ((e/4)> + N\)!/2. Since A is exterior to S, Rep, < —¢/2, so
Rep, +ec/2 <0, and the claim follows.
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